Abstract-Output tracking in a SISO causal uncertain nonlinear system with an output subject to a time delay is considered using sliding mode control. A higher order Padé approximation to a delay function with a known time delay is used to construct a model of a transformed system without a time delayed output and is employed in a feedback sliding mode control. This model functions as a predictor of the plant states and the plant output, but is of nonminimum phase due to the application of the Padé approximation. The method of the stable system center is used to stabilize the internal dynamics of this plant model, and a control is developed using a sliding surface to allow the plant to track a arbitrary reference profile given by an exogenous system with a known characteristic equation. Simulations of the system are performed for the plant model using a first, second and third order Padé approximations and a controller in plant feedback mode. Numerical examples for Padé approximations of increasing order are considered and compared.
I. INTRODUCTION
UTPUT tracking is important in many control systems, including electric power converters, robot manipulators and aerospace control systems [1] . The development of control algorithms, including sliding mode control, to allow output tracking of a reference profile for a system with an output time delay has been considered previously [1] - [6] . Time delay compensation techniques, developed in [4, 5] mostly for systems with input delay, have been proposed to design the control input based on predicted values of the state variables.
The output tracking of a real-time reference profile in nonlinear uncertain systems with output delay by sliding mode control is considered in [7] , [8] . The sliding mode control algorithm is designed for the approximate nonminimum phase model of a system with output delay. In these papers the plant state and the plant output predictor is based on the Padé approximation of the first order. The transformed system model with the Padé approximation replacing the delay element is of a nonminimum phase [9] . The developed output tracking sliding mode control algorithm [7] , [8] suitable for the output tracking in causal E. A. Kosiba, Electrical Engineering Department, University of Alabama in Huntsville, Huntsville, AL 35899 USA (e-mail: ekosiba@hiwaay.net).
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A. S. I. Zinober, Applied Mathematics Department, University of Sheffield, Sheffield S10 2TN, UK, (email: A.Zinober@shef.ac.uk) nonminimum phase systems employs the method of stable system center [10] , [11] . This technique is based on the transformation of nonminimum phase output tracking in causal systems to state variable tracking. The bounded state reference profiles are generated using custom-designed equations of the system center [10] , [11] . The Padé approximations yield the time delay function model of a reasonable accuracy within a limited bandwidth [12] . It means that the agility of the system dynamics and of the reference output profile must be within this bandwidth in order the controller to provide an accurate output tracking. Since sliding mode control generates the switching control function of a very high frequency, inaccuracy in the output time delay approximation can lead to a significant control chattering [2] , [3] , [7] , [8] . A contribution of this paper is in extending sliding mode output tracking control in causal nonlinear uncertain systems with output time delay modeled by the first order Padé approximation that is developed in [7] , [8] to the case with higher order Padé approximation. Numerical computer simulations compare the sliding mode control performance in systems with the output time delay using the first, second and third order Padé approximations. It is shown that the higher order Padé approximation yields the better tracking accuracy of an arbitrary output reference profile given by a linear exogenous system with a known characteristic equation. In particular, the higher frequency of control switching and lower amplitude of oscillations in the output tracking error are achieved.
II. PROBLEM FORMULATION

A. Mathematical Model
Consider a controllable fully feedback linearizable nonlinear SISO dynamic system without time delay 
B. Coordinate Transformation
The system (1) can be easily transformed [9] 
where 0 1 1 , ,..., a a a n− are specified nonnegative constants. Eigenvalues of the polynomial (6) are to be located in the left hand side of the complex plane or in the imaginary axis.
The system (1) is rewritten in the new basis (3)
The internal dynamics of the system (7) are stable and can be disregarded when solving the output tracking problem.
C. Output Tracking Time-delayed Problem
Output tracking in system (1) can be transformed by (3) to output tracking in a scalar system
is assumed known. We now assume that the system output of (8) is accessible with time delay ) (
The problem is to design sliding mode control ) (t u that forces the output variable ) ( t y to track asymptotically the command profile ) (t q c described by an exogenous system with known stable characteristic polynomial
where k is the order of the exogenous system, and
The problem can be reformulated by replacing the timedelay function (9) by the e Pad ′ approximations [12] .
D. Padé Approximations
The Padé approximations for a time delay τ can be represented as a ratio of two polynomial functions of the Laplace variable s with real coefficients. This is [12] 
where s is the Laplace variable and j is the order of the Padé approximation. Let us introduce a new output variable ỹ assuming that equality (12) (12) and (13) the system (8) and (9) can be approximately replaced by a state variable model. In particular, for the first order Padé approximation the system (8), (9) can be modeled by [7] , [8] 
where
, and the new output ỹ is an approximation for the original output ŷ .
Similarly, using a second order Padé approximation the system (8) and (9) 
The systems in eqs. (14a) and (14b) and are of nonminimum phase with unstable forced zero dynamics. They are also systems without time delay, where the output and states are predicted using the Padé approximations of any selected order. So, the original tracking control problem with output time delay has been approximately transformed into a nonminimum phase output-tracking problem without delay. The nonminimum phase output tracking problem (11) , (14) with ỹ standing for ŷ is addressed using the method of the stable system center that transforms the output tracking in a nonminimum phase system to the state variable tracking.
III. THE METHOD OF STABLE SYSTEM CENTER IN NONMINIMUM PHASE OUTPUT TRACKING
The results are formulated for the following nonminimum phase system: 
A. Replacing output tracking by state tracking
Now, we have the output tracking problem for the nonminimum phase system (15) which is in the normal canonical form [9] . We seek state tracking control in order to apply traditional state variable sliding mode control techniques [2, 3] . Rewriting system (15) in errors we obtain Equations of system center (ideal internal dynamics) that define a command (tracking) profile ) (t c ψ for the internal state vector ) (t ψ , can be written as [8] , [9] (17) The disturbance ) (t f can be estimated using an exact second order sliding mode differentiator [14] . This is
ψ is identified by integrating eq. (17), the problem to provide state tracking in the system (15) can be solved using standard sliding mode control [2] , [3] . The system's (15) state tracking error dynamics are described by The only problem still to be resolved is obtaining a stable solution c ψ (the system center) to the unstable equations of the system center (17). 
B. Stable system center
Thus, (24) and (25) determine the stable system centre ) ( t c ψ for the system (15), which asymptotically converges to the ideal internal dynamics (unstable) in eq. (17). Now we can use the stable system center ) ( t (27) The relative degree of the plant is equal to two. Transforming the plant to the form (7) with relative degree equal to one, introduce a new state vector in accordance with eq. 
The system (26) (28) 
A. The first-order Padé approximation
Replacing the time-delay function by the first-order Padé approximation as in (13) the system (29) is approximately represented by a nonminimum phase system without delay [7] , [8] ( ) 
B. The higher order Padé approximation
This procedure was repeated for Padé approximations of orders 2 and 3, using eq. (14a) for 2 = j and 3 = j . In these cases the number of internal states of the model for the system (28) without output delay increases by one for each increase in the order of the Padé approximation, retaining the original relative degree of the system (28), which is equal to one. The parameters Figures 1-3 Output tracking in causal nonlinear systems with an output delay via sliding mode control is considered. The higher order Padé approximation for the time delay function is used. Bounded state tracking profiles are generated by equations of the stable system center, which performs a stable dynamic inverse of a dynamically extended model of the plant incorporating stable exogenous models for plant inputs and a nonminimum-phase model for the delay. It is shown that the higher order Padé approximation yield the better tracking accuracy of an arbitrary output reference profile given by a linear exogenous system with a known characteristic equation. In particular, the higher frequency of control switching and lower amplitude of oscillations in the output tracking error are achieved for the higher order Padé approximations.
